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Abstract: This paper introduces the principle method and simulation of an asymmetric TE (transverse electric) mode absorption in a
lossy artificial metamaterial (LHM (left-handed material)). LHM is sandwiched between a lossy substrate and covered by a lossless
dielectric cladding. The asymmetry solutions of the eigenvalue equation describe lossy-guided modes with complex-valued
propagation constants. The dispersion relations, normalized field and the longitudinal attenuation were numerically solved for a given
set of parameters: frequency range; film’s thicknesses; and TE mode order. We found that high order modes, which are guided in
thinner films, generally have more loss of power than low-order modes since the mode attenuation along z-axis  z increases to
negative values as the mode’s number increases, and the film thickness decreases. Moreover, for LHM, at incident wavelength = 1.9
m , refractive index =  3.74 i 2 and at thickness  0.3m , the modes of order (4, 5, 6) attain high positive attenuation
which means these modes have larger absorption lengths and they are better absorber than the others. This LHM is appropriate for
solar cell applications. For arbitrary LHM, at frequency band of wavelengt (600, 700 to 900 nm), the best absorption is attained at
longer wavelengths and for lower order modes at wider films. The obtained results could be useful for the design of future light
absorbers.
Key words: Attenuation, Eigen-value equation, left handed material, solar cells.

1. Introduction
Recently, there has been an increasing growth and a
subject of intense interest of new artificial materials
called Metamaterials or LHM (left-handed materials)
[1]. The increasing interest comes from the unusual
properties of these materials as the term LHM stems
from the left-handed orientation of the triad directions
of the electric field, the magnetic field, and the wave
vector. In LHM, the wave vector is in the opposite
direction of the Poynting vector. On the other hand, in
a normal RHM (right-handed material), the wave
vector and the Poynting vector are in the same
direction [2]. LHMs are composite materials,
structured at sub-wavelength scales, which give rise to
electromagnetic resonances. Due to the resonant
Corresponding author: M. M. Shabat, Ph.D., Professor Dr.,
research field: optoelectronics.

behavior of LHMs, LHMs can exhibit extreme values
of the effective medium parameters such as large and
negative dielectric permittivity and permeability [3]
which usually renders them dissipative and can be
scaled from microwave [4] and terahertz [5, 6]
through the infrared [7, 8] almost into optical
frequencies [10]. Optimized metamaterials with high
absorption have been proposed for applications such
as thermal spatial light modulators [11], plasmonic
sensors [12, 13], thermal bolometers [14],
anti-reflection
coatings
[15]
and
solar
thermo-photovoltaic [16]. The goal of photovoltaic
structures is to absorb as much light as possible within
specific
layers.
The
metamaterial-based
electromagnetic absorbers are promising candidates
for solar energy harvesting with improved efficiency,
wider solar spectrum, and lower material consumption,
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and are attracting widespread interest. The first perfect
metamaterial absorber, having the measured
absorptivity of about 88%, composed of a metallic
split ring and a cut wire separated by a dielectric layer
was demonstrated by Ref. [19]. Several efforts have
been made on terahertz metamaterial absorbers [8, 9,
14]. As photovoltaic device thicknesses continue to
shrink and nanostructured designs emerge where their
feature sizes reach the order of 1.0  m or less,
geometric optics no longer provides an accurate
description of field propagation at optical wavelengths.
It is therefore an important goal to better understand
the problem of waveguide in lossy dielectric films [20,
21]. They explored lossy mode propagation in the
context of photovoltaic by modeling a thin film solar
cell made of an amorphous silicon, (RHM) with a
symmetric and an asymmetric three layer slab. These
modes have tremendous longitudinal attenuation,
making them especially interesting for the study of
thin film photovoltaic. The solutions are applicable for
the generalized three-layer dielectric waveguide under
any arbitrary combination of gain or lossy materials.
This paper examines the problem of lossy waveguide
absorption when a LHM is implemented as lossy thin
film in an asymmetric waveguide, as depicted in
Fig. 1. It consists of LHM slab with thickness 2h
covered by a lossless dielectric cladding of real
refractive index nc . The substrate is lossy with
complex index of
described by a

performed for another arbitrary LHM which has
negative index in the visible region of frequency band
at wavelength of value (600, 700 to 900 n m ).

2. The Mathematical Formulation and
Structure Model
To better understand the unusual nature of the
Metamaterials or LHM in the tri-layered waveguide
structure, the propagation of TE (transverse electric)
waves through a thin lossy film of LHM with
thickness 2h covered by a lossless cladding is
considered. LHM film occupies the region
 h  x  h . The cladding occupies the region x  h ,
and the substrate in the region x  h .
We present the eigenvalue equation for TE waves
propagating in the z direction with a propagation wave
constant expressed in the phasor form of
exp [i(k z z  2 ft )] , f is the operating frequency. The
electric and magnetic field vectors for TE waves
propagating along z-axis with angular frequency 
and wavenumber k z are defined as in Refs. [23, 24]:





E  0 , E y ( , z ), 0 exp i k z z   t 

H  H x ( , z ) , 0, H z ( , z ) exp i k z z   t 

In lossy LHM film,  h  x  h
The wave equation can be found easily from the
Maxwell’s equations as:
2 Ey

n~s  ns  ik s . LHM film is also
complex

n~h    h  h  ik h .

index
The

of

 x2

refraction

simulations

wavelength around 2000 nm , the real part is -2.
Furthermore, the proposed structure has a minimum
feature size of ~100 n m . The simulations are also





 k z2  k h2 E y  0

(2)

x

are

performed for a metamaterial scaled over
near-infrared wavelength range [22]. It consists of a
pair of gold films separated by a dielectric layer with a
two dimensional square periodic array of circular
holes performing the entire multilayer structure. The
negative refractive index was obtained at a

(1)

cladding nc
h

~
LHM n
h
-h

   h  h  ik h
z

n~s  ns  ik s

Fig. 1 Waveguide configuration for a lossy asymmetry
LHM waveguide.
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k h  k 0 nh and, n~h    h  h  ik is
where
refractive index of LHM film.  h ,  h is the electric
permittivity and magnetic permeability of LHM,
respectively. k z   z  i z , where  z is the
longitudinal phase constant,  z is the mode
attenuation coefficient along z-axis, k0  2 /  is

the wave propagation length in free space and  is
the free-space wavelength for the model.
The asymmetric solution of Eq. (2) has the form
[20]:





E y  E0 e ik z z e ik x x  Be  ik x x ,



H z  (1 /  0  h ) E0 k x e ik z z e ik x x  Be  ik x x

(3)



(4)

where, k s  k 0 ns

substrate region.
The asymmetric solution for Eq. (10) is given by

E y  CE 0 e ik z z e  i s ( x  h )

k k k
2
x

2
z

(5)

In lossless cladding, x  h
The wave equation is:

2 Ey
x

2

where, k c  k 0 nc



 s is the complex propagation constant. It satisfies
the following relation

k s2  k z2   s2



The continuity of E y and Hz at the boundary

x  h leads to the following equations

e  ik x h  Be ik x h  C

cladding region.
The asymmetric solution for Eq. (6) is given by Ref.
[20]
ik z z i c ( x  h )

e

,

ik z z i c ( x  h )

e

(7)
(8)

A is a constant determined by boundary conditions
and  c is the complex propagation constant, the real
component of  causes the phase oscillation with
respect to x-axis. It satisfies the relation

k  k 
2
c

2
z

2
c .

(9)

In lossy substrate, x   h
The wave equation is:
2 Ey
 x2





(14)

e  ik x h  Be ik x h   s C h / k x

(15)

The continuity of E y and H z at the boundary
x  h leads to the following equations

(6)

is the wave number of the

H z  ( c / 0 ) E0 Ae

(13)

e ik x h  Be ik x h  A

 k c2  k z2 E y  0

E y  AE 0 e

(11)

H z  ( s /  0 ) E0 Ce ik z z e i s ( x  h ) (12)

If this solution is substituted into Eq. (2), the
resulted relation is
2
h

is the wave number of the

 k s2  k z2 E y  0

(10)

(16)

e ik x h  Be  ik x h   c A / k x

(17)

Using a little manipulation and substitution, the TE
asymmetric eigenvalue equation is obtained as:

ei 4 kxh 

k

k x   s  h k x   c 

2
x

 k x  c   h s k x   h s  c



(18)

And

B

k x   c e 2ik h
k x   c 
x

(19)

By Eqs. (5), (9) and (13),

 c  kc2  k h2  k x2
 s  k s2  k h2  k x2

(20)

Eq. (18) determines the allowed values for the TE
complex wave number of asymmetric modes. Since
the eigenvalue equation is transcendental, it can only
be solved through iterative methods. We used steepest
descent method with linear line search [18, 19].
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Values of k x which satisfy the eigenvalue Eq. (18)
can then back-substituted to solve for all other
propagation constants and generate the total TE field
solutions over all space.

3. Numerical Results and Discussion
In our computation and simulation, the following
data has been used in near infrared frequencies, such
as 160 THz (   1.9m ). LHM has
 h 14, h  1 [22] and refractive index
n~h    h  h  i 2  3.74  i 2 , the cladding refractive
index

Fig. 2

nc  1 and

substrate

refractive

index
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n~s  1.26  i7.2 . The dispersion Eq. (18) has been
solved to compute the complex wave numbers of the
modes at the film thickness h  0.5m , Fig. 2
displays the corresponding electric field profile
(normalized to unit amplitude E0 ) for the modes of
lossy LHM waveguide (i.e. M = 0, M = 1 and M = 4).
The amplitude E0 is to be supposed 1 V/m. The
resultant propagation constants are summarized in
Table 1. We notice that through the LHM film
(  0.5  x  0.5 ) the normalized electric field is
trapped and decreases from 1.8 to 0.7 by the mode’s
order increase from 0 to 1, respectively. This is because

Electric field profile (normalized to unit amplitude) of the M = 0 (dotted), M = 1 (solid) and M = 4 (dot dashed) for

LHM model,

~
n h  3.74  i2 , ~n s  1.26  i7.2 , nc  1 , h  0.5 m , λ  1.9 m .

Table 1 Propagation constants of TE mode (0, 1, 4) solutions to LHM waveguide of h  0.5 m . The parameters are of
unit m 1 .
Mode

kx

kz

c

s

0
1
4

3.05  i.0867
6.054  i0.17
15  i1

12.06  i6.75
11.17  i7.23
5.46  i12

6.97 + i11.72
7.57 + i10.8
13.4 + i6

6.86 + i26.38
7 + i25.8
8.2 + i22
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of increasing values of the longitudinal attenuation  z
(imaginary part of k z ).  z is important to the field
of light trapping in thin films, as it represents the
absorption length of a guided mode in the structure.
Negative  z means loss of wave power from the
structure while positive  z means absorption of
wave power by the structure. By increasing  z to the
values of (-6.75, -7.23, -12), the modes have negative
absorption lengths and loss of the power from the film.
For M = 4 absorption of the wave is achieved in LHM
film as well as a dramatic evanescent decay in the
substrate region (  1  x  0.5 ) as shown by

 s values. In cladding region ( 0.5  x  1 ), the

electric field increases by mode’s order. This is
because of increasing the real part of the propagation
number  c to the values of (6.97, 7.57, 13.4) for M
= 0, 1, 4 respectively. In Fig. 3 we plot electric field
profile (normalized to unit amplitude) for the modes
of lossy LHM waveguide (i.e. M = 0, M = 1 and M =
4) for the film thickness h  0.3m . It is observed that
as h decreases, both modes 0, 1 keep the same
behavior as in Fig. 2 but mode 4 attains high
normalized field of value (4) where it has positive
attenuation  z of value (23.7) as shown by Table 2.
In cladding region, the electric field of mode 4
increases sharply to the value of (30) which leads to
high absorption in the cladding where most of the
power is wasted in the cladding. Fig. 4 describes the
variation of mode attenuation along z-axis  z with
mode’s order for different LHM thickness. It is
noticed that at h  0.5m , high order modes
generally have more loss than low-order modes since
the mode attenuation along z-axis  z increases to
the values of (-6.75, -7.23 to -18.88) with the mode’s
number of (0, 1 to 6). Besides that, the attenuation
increases to negative values by thickness decrease to
the values (0.7, 0.5, 0.3) m but at h  0.3m , the
modes of order (4, 5, 6) attain high positive
attenuation which means these modes have larger
absorption lengths and they are better absorber than the

others. It is worth to notice that LHM of h  0.3m
is appropriate for solar cell applications. Figs. 5a and
5b, display a comparison of normalized electric field
profile of M = 3 mode of LHM with RHM
(amorphous silicon) and with a metal, at   1.9m ,
and h  0.3m . The refractive index of the LHM is

nh  3.74  i 2 [20, 21] and that is of amorphous
silicon film (RHM) [20, 21] is n f  4.9  i0.3 and
that is of metal film is assumed to be
nm  100  i0.3 . The computed wave numbers for
mode M = 3 are summarized in Table 3. It is shown
that the normalized electric field of LHM is amplified
through the film to the value of (3 V/m) and continues
in the cladding. In RHM film, no amplifying of the
field occurred while in the cladding it reaches much
greater than (-8 V/m) lead to the power leakage in the
cladding. This is because  z of RHM is (+5.99)
while for LHM it is (-15.87) and of metal (-0.99) as
shown by Table 3. However, LHM structure guides
the power better than RHM or metal one since LHM
structure guides the power through the film more than
wasting it in the cladding as in RHM structure. For
arbitrary LHM, the frequency-dependent permittivity
is described by the Drude medium model as Ref. [25].

   lattice 

 p2
 2  i

where  is the angular frequency,
lattice

(21)

 lattice is the
permittivity,

 p  1.2 x1016 rad / s,   1.2 x1014 rad / s ,  p is the
effective plasma frequency and  is the electric
damping factor,  lattice  9.1 . The calculations are
performed for electromagnetic radiations in the visible
regions at wavelength 600, 700 to 900 nm. In this
frequency band the real parts of refractive indices of
arbitrary LHM according to Eq. (21) are -2.338,
-3.274 to -4.86 while the permeability of LHM is
assumed to be -1. As shown by Fig. 6 longitudinal
attenuations are computed and illustrated as a function
of wavelength of the incident waves in the visible
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Fig. 3
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(a) Electric field profile (normalized to unit amplitude) of the M = 0, M = 1 and (b) M = 4 mode for LHM model,

~
n h  3.74  i2 , ~
n s  1.26  i7.2 , nc  1 , h  0.3 m , λ  1.9 m .
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Propagation constants of TE mode (0, 1, 4) solutions to LHM waveguide of h  0.3m . The parameters are of unit

Table 2
m 1 .
Mode

kx

kz

c

s

0
1
4

4.94  i0.222
9.72  i0.55
26.4  i5.5

11.558  i6.98
9.18  i8.32
2.667 + i23.7

7.32 + i11.17
9.3 + i8.78
24.45 + i3.34

6.94 + i26
7.35 + i24.6
13.95 + i12.97

Fig. 4

Longitudinal attenuation coefficient ( α z ) versus mode’s number for different LHM thicknesses. h  0.7  m

(dashed),

h  0.5 m (solid), h  0.3 m (dot dash) LHM model, ~
n h  3.74  i 2 , ~
n s  1.26  i7.2 , n c  1 ,

  1.9 m .

regions for TE mode’s number M = (0, 1, 3)
of arbitrary LHM model at h  0.3  m . It is observed
that the attenuation in this frequency band increases to
negative values with the wavelength decrease and
mode’s number increase. At wavelength (600 nm)
 z increases to the values of (-21.2, -21.94, -23.25,

-25.2)  m
by mode’s number M increase to
(0, 1, 2, 3). This implies the best absorption is attained
1

at longer wavelengths and for lower order modes. In
Fig. 7, we explore the effect of the film thickness on
the mode attenuation  z for arbitrary LHM model
for M = 0. It has been noticed that the attenuation
increases to negative values with thickness decrease. It
means that if the film becomes thinner, the mode will
suffer more loss through the wave propagation in the
considered structure.
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Fig. 5
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~  1.26  i7.2 , n  1 , where
(a) Electric field profile of the M = 3 mode at h  0.3 m , λ  1.9 m , n
c
s

n~h  3.74  i 2 for LHM, n f  4.9  i0.3 for RHM, and (b) for metal n m  100  i0.3 .
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Table 3 Propagation constants of TE mode (M = 3) solutions to LHM, RHM and metal waveguide of h  0.3m . The
parameters are of unit m 1 .
Film

kx

kz

c

s

LHM
RHM
Metal

19.38  i3.84
16.4  i1.007
20.73 + 0.7x 10-3

0.45  i15.87
5.43 + i5.99
330  i0.99

18.69 + i4.3
6.62  i2.4
0.99 + i330

9.97 + i18.15
3.59 + i23.13
1.29 + i330.8

Fig. 6

Longitudinal attenuation coefficient (  z ) of TE waves versus wavelength for mode’s number M = 0 (dash dot), M =

1 (dashed), M = 2 (dotted), M = 3 (solid) of arbitrary LHM model for, h  0.3  m ,

nc  1, n~s  1.26  i7.2 .
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Fig. 7
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Longitudinal attenuation coefficient (  z ) of TE waves versus wavelength of mode’s number M = 0 for h  0.3  m

(dash dot), h  0.1  m (solid) of arbitrary LHM model

nc  1, n~s  1.26  i7.2 .

4. Conclusions
We derived and simulated the modal dispersion
relation and attenuation of TE modes in an
asymmetric slab waveguide constructed from lossy
thin LHM film sandwiched between a lossy substrate
and coverd by a losseless dielectric cladding. The
numerical solutions showed that guided high order
modes in thinner films, generally have more loss of
power than low-order modes since the mode
attenuation along z-axis  z increases to negative

longer wavelengths in the considered frequency band
and for lower order modes at wider films. The
obtained results may be used to refine the
understanding of any related applications that may be
modeled using the light trapping in thin film solar
cells.
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values as the mode’s number increases and the film
thickness decrease. For LHM, at incident wavelength
= 1.9 m and at thickness h  0.3m , the modes of
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