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Abstract: In statistical theory, a statistic that is function of sample observations is used to estimate distribution parameter. This 
statistic is called unbiased estimate if its expectation is equal to theoretical parameter. Proving whether or not a statistic is unbiased 
estimate is very important but this proof may require a lot of efforts when statistic is complicated function. Therefore, this research 
facilitates this proof by proposing a theorem which states that the expectation of variable x > 0 is μ if and only if the limit of 
logarithm expectation of x approaches logarithm of μ. In order to make clear of this theorem, the research gives an example of 
proving correlation coefficient as unbiased estimate by taking advantages of this theorem. 
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1. Introduction 

The theorem in this research begins with the need to 
prove a sample statistic as an unbiased estimate of 
distribution parameter. Given a probability density 
function f, let Θ represents the parameter of f. 
Parameter Θ can be mean, variance, etc. Because Θ is 
theoretical parameter, it should be estimated from data 
sample. Given sample X = {x1, x2,…, xn}, a statistic is 
defined as a function of sample, for example, the 

sample mean 𝑋𝑋� = 1
𝑛𝑛
∑ 𝑥𝑥𝑖𝑖𝑛𝑛
𝑖𝑖=1  is a statistic. According 

to theory of statistical estimation, a statistic is an 
unbiased estimate of parameter Θ if and only if the 
expectation of this statistic is equal to Θ [2]. 

Statistic θ is unbiased estimate of Θ if and only if 
E(θ)=Θ 

The concept of “unbiased” is very important 
because there may be many  estimates of parameter Θ 
but unbiased estimate is accurate one. Now we prove 
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that sample mean 𝑋𝑋�  is unbiased estimate of 
theoretical mean μX. Suppose all sample observation xi 
(s) are independently distributed random variables 
with the same distribution. 

𝐸𝐸(𝑋𝑋�) = 𝐸𝐸 �
1
𝑛𝑛
�𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

� =
1
𝑛𝑛
�𝐸𝐸(𝑥𝑥𝑖𝑖)
𝑛𝑛

𝑖𝑖=1

=
1
𝑛𝑛
�𝜇𝜇𝑋𝑋

𝑛𝑛

𝑖𝑖=1

= 𝜇𝜇𝑋𝑋  

Due to 𝐸𝐸(𝑋𝑋�) = 𝜇𝜇𝑋𝑋 , it is asserted that sample mean 
𝑋𝑋� is unbiased estimate of theoretical mean μX. This 
proof is very easy because the expression of 𝐸𝐸(𝑋𝑋�) is 
simple with the sum of variables. When statistic is 
complicated function, there is a requirement of 
powerful mathematic tool. Therefore, this research 
proposes a method that facilitates calculation of the 
complex expectation. This method is described as the 
theorem discussed in next section.  

2. Theorem of Logarithm Expectation 

Theorem of logarithm expectation states that the 
expectation of variable x > 0 is μ if and only if the 
limit of logarithm expectation of x, denoted  
lim𝑥𝑥→∞�𝐸𝐸(log(𝑥𝑥))�, approaches log(μ). 
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𝐸𝐸(𝑥𝑥) = 𝜇𝜇 ⇔ lim
𝑥𝑥→∞

�𝐸𝐸(log(𝑥𝑥))� = log(𝜇𝜇) ,∀𝑥𝑥 > 0 

Suppose there is a sample containing n sample 
points {x1, x2,…, xn}, given E(x) = μ, we proof that 
lim𝑥𝑥→∞�𝐸𝐸(log(𝑥𝑥))� = log(μ). We have: 

𝐸𝐸�log(𝑥𝑥)� = � log(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

0

≤ log��𝑥𝑥𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

0

�

= log�𝐸𝐸(𝑥𝑥)� = log(𝜇𝜇) 
(where 𝑓𝑓 is probability density function) 

Due to Jensen’s inequality 𝑔𝑔�∫ 𝑥𝑥𝑥𝑥(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞ �  ≥ 

∫ log(𝑥𝑥)𝑥𝑥(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞  where ∫ 𝑥𝑥(𝑥𝑥)𝑑𝑑𝑥𝑥∞

−∞  = 1 [1] [3] 

given g is concave function. The sign “=” occurs 
when x is the extreme point of g. In other words, x is 
the solution of equation formed by setting the 
first-order derivative of g to be zero. When g is 
logarithm function and λ is probability density 
function, the sign “=” occurs if and only if: 

𝜕𝜕log(𝑥𝑥)
𝜕𝜕𝑥𝑥

= 0 ⇔ 𝑥𝑥 → ∞ 

Thus, log(μ) is the supreme of E(log(x)) and we 
have: 

lim
𝑥𝑥→∞

�𝐸𝐸(log(𝑥𝑥))� = log(𝜇𝜇) 

Note that the limit log(μ) is unique. Now given 
lim𝑥𝑥→∞�𝐸𝐸(log(𝑥𝑥))� = log(μ), we prove that E(x) = μ. 
The proposition E(x) = μ is equivalent to the 
proposition log(E(x)) = log(μ) because logarithm is 
mono-tone function. Suppose log(E(x)) ≠ μ, we have: 

𝐸𝐸�log(𝑥𝑥)� = � log(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

0

≤ log��𝑥𝑥𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

0

�

= log�𝐸𝐸(𝑥𝑥)� ≠ log(𝜇𝜇) 

⇒ lim
𝑥𝑥→∞

�𝐸𝐸(log(𝑥𝑥))� = log�𝐸𝐸(𝑥𝑥)� ≠ log(𝜇𝜇)  

�due to log�𝐸𝐸(𝑥𝑥)� is supreme of 𝐸𝐸(log(𝑥𝑥))� 

But according to aforementioned supposition 
lim𝑥𝑥→∞�𝐸𝐸(log(𝑥𝑥))� = log(μ), there is a contradiction 

and we proved that E(x) = μ. Therefore, this theorem 
is completely proved. If the sign “=” always occurs, in 
other words, the expectation E(log(x)) always equals 
log(μ); then the limit of E(log(x)) obviously 
approaches log(μ). Therefore, a variant of this theorem 
is: 

𝐸𝐸(𝑥𝑥) = 𝜇𝜇 ⇔ 𝐸𝐸(log(𝑥𝑥)) = log(𝜇𝜇) ,∀𝑥𝑥 > 0 
If log(μ) is the supreme of E(log(x)), another variant 

of this theorem is: 
𝐸𝐸(𝑥𝑥) = 𝜇𝜇 ⇔ (∀𝑥𝑥 > 0,𝐸𝐸(log(𝑥𝑥))

≤ log(𝜇𝜇)) and (∃𝑎𝑎:∀𝑥𝑥
> 0,𝐸𝐸(log(𝑥𝑥)) ≤ 𝑎𝑎 ⇒ 𝑎𝑎 ≥ log(𝜇𝜇)) 

3. Proof of Sample Correlation Coefficient as 
Unbiased Estimate 

Given variables X = {x1, x2,…, xn} and Y = {y1, 
y2,…, yn} where xi (s) and yi (s) are sample variables. 
A sample statistic Θ is an unbiased estimate of a 
population parameter θ if and only if expectation of Θ 
equals θ. Let μX, μX, σX

2 and σY
2 are population mean 

of X, sample population of Y, population variance of 
X and population variance of Y, respectively.     
Let 𝑋𝑋�, 𝑌𝑌�, sX

2 and sY
2 are sample mean of X, sample 

mean of Y, sample variance of X and sample  
variance of Y, respectively. It is proved that 𝑋𝑋�, 𝑌𝑌�,  
sX

2 and sY
2 are unbiased estimates of μX, μX, σX

2 and 
σY

2 [2] [4], respectively. We have E(𝑋𝑋�) = μX, E(𝑌𝑌�) = 
μY, E(sX

2) = σX
2 and E(sY

2) = σY
2. The population 

covariance between X and Y denoted σXY is defined as 
below: 

𝜎𝜎𝑋𝑋𝑌𝑌 = 𝐸𝐸�(𝑋𝑋 − 𝜇𝜇𝑋𝑋)(𝑌𝑌 − 𝜇𝜇𝑌𝑌)� 
Note that σX

2 = σXX and σY
2 = σYY. The sample 

covariance between X and Y denoted sXY is: 

𝑠𝑠𝑋𝑋𝑌𝑌 =
1

𝑛𝑛 − 1
�(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)
𝑛𝑛

𝑖𝑖=1

 

Note that sX
2 = sXX and sY

2 = sYY. It is proved that the 
sample covariance is unbiased estimate of population 
covariance, E(sXY) = σXY. The population correlation 
coefficient between X and Y denoted ρXY is defined as 
below: 
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𝜌𝜌𝑋𝑋𝑌𝑌 =
𝜎𝜎𝑋𝑋𝑌𝑌

�𝜎𝜎𝑋𝑋2�𝜎𝜎𝑌𝑌2
 

The sample correlation coefficient between X and Y 
denoted rXY is: 

𝑟𝑟𝑋𝑋𝑌𝑌 =
𝑠𝑠𝑋𝑋𝑌𝑌

�𝑠𝑠𝑋𝑋2�𝑠𝑠𝑌𝑌2
=

∑ (𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)𝑛𝑛
𝑖𝑖=1

�∑ (𝑥𝑥𝑖𝑖 − 𝑋𝑋�)2𝑛𝑛
𝑖𝑖=1 �∑ (𝑦𝑦𝑖𝑖 − 𝑌𝑌�)2𝑛𝑛

𝑖𝑖=1

 

Now we prove that rXY is unbiased estimate of ρXY. 
Let E(rXY) be expected value of rXY, we have: 

𝐸𝐸�log(𝑟𝑟𝑋𝑋𝑌𝑌)� = 𝐸𝐸 �log��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)
𝑛𝑛

𝑖𝑖=1

�

−
1
2

log��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)2
𝑛𝑛

𝑖𝑖=1

�

−
1
2

log��(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)2
𝑛𝑛

𝑖𝑖=1

�� 

= 𝐸𝐸 �log��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)
𝑛𝑛

𝑖𝑖=1

��

−
1
2
𝐸𝐸 �log��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)2

𝑛𝑛

𝑖𝑖=1

��

−
1
2
𝐸𝐸 �log��(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)2

𝑛𝑛

𝑖𝑖=1

�� 

≤ log�𝐸𝐸 ��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)
𝑛𝑛

𝑖𝑖=1

�� 

−
1
2

log�𝐸𝐸 ��(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)2
𝑛𝑛

𝑖𝑖=1

��

−
1
2

log�𝐸𝐸 ��(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)2
𝑛𝑛

𝑖𝑖=1

�� 

(due to Jensen′s inequality) 
Due to 

�(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)(𝑦𝑦𝑖𝑖 − 𝑌𝑌�)
𝑛𝑛

𝑖𝑖=1

= (𝑛𝑛 − 1)𝑠𝑠𝑋𝑋𝑌𝑌  

�(𝑥𝑥𝑖𝑖 − 𝑋𝑋�)2
𝑛𝑛

𝑖𝑖=1

= (𝑛𝑛 − 1)𝑠𝑠𝑋𝑋2 

�(𝑦𝑦𝑖𝑖 − 𝑌𝑌)2
𝑛𝑛

𝑖𝑖=1

= (𝑛𝑛 − 1)𝑠𝑠𝑌𝑌2 

We have: 
𝐸𝐸�log(𝑟𝑟𝑋𝑋𝑌𝑌)� ≤ log�(𝑛𝑛 − 1)𝐸𝐸(𝑠𝑠𝑋𝑋𝑌𝑌)�

−
1
2

log�(𝑛𝑛 − 1)𝐸𝐸(𝑠𝑠𝑋𝑋2)�

−
1
2

log�(𝑛𝑛 − 1)𝐸𝐸(𝑠𝑠𝑌𝑌2)�

= log�𝐸𝐸(𝑠𝑠𝑋𝑋𝑌𝑌)� −
1
2

log�𝐸𝐸(𝑠𝑠𝑋𝑋2)�

−
1
2

log�𝐸𝐸(𝑠𝑠𝑌𝑌2)�

= log�
𝐸𝐸(𝑠𝑠𝑋𝑋𝑌𝑌)

�𝐸𝐸(𝑠𝑠𝑋𝑋2)�𝐸𝐸(𝑠𝑠𝑌𝑌2)
�

= log�
𝜎𝜎𝑋𝑋𝑌𝑌

�𝜎𝜎𝑋𝑋2�𝜎𝜎𝑌𝑌2
� 

Because log� 𝜎𝜎𝑋𝑋𝑌𝑌

�𝜎𝜎𝑋𝑋2�𝜎𝜎𝑌𝑌2
�  is the supreme of 

𝐸𝐸�log(𝑟𝑟𝑋𝑋𝑌𝑌)� when X and Y approach +∞, we have: 

lim
𝑋𝑋,𝑌𝑌→∞

�𝐸𝐸�log(𝑟𝑟𝑋𝑋𝑌𝑌)�� = log�
𝜎𝜎𝑋𝑋𝑌𝑌

�𝜎𝜎𝑋𝑋2�𝜎𝜎𝑌𝑌2
� 

According to theorem of logarithm expectation in 
previous section, it is asserted that 

𝐸𝐸(𝑟𝑟𝑋𝑋𝑌𝑌) =
𝜎𝜎𝑋𝑋𝑌𝑌

�𝜎𝜎𝑋𝑋2�𝜎𝜎𝑌𝑌2
= 𝜌𝜌𝑋𝑋𝑌𝑌  

Therefore, sample correlation coefficient rXY is 
unbiased estimate of population correlation coefficient 
ρXY. 

4. Conclusions 

This theorem aims to facilitate calculation of the 
complex expectation, especially; the expectation is in 
multiplicative form. Taking logarithm of 
multiplicative expectation is to transform 
multiplicative format into additional format that is 
easy to process. After that, we find out the limit or 
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supreme of additional format instead of calculating the 
complex origin expectation. Although the 
demonstration is to prove sample correlation 
coefficient as unbiased estimate, you can apply this 
theorem to other cases that require determining 
complicated statistic such as mean, variance, etc. 
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